Geometrie quantizatio'n is applied to infinite (eouritable) dimensional linear Kähler , manifolds to obtain a closed expression for the anomalous eommutator of arbitrary polynomialobservables. Examples for the. physieal relevanee of the result are given, including the polarization dependenee ofSehwingerterms in bilinear eonstraint algebras, the eentral terms of Virasoro and Kae-Moody algebrasandthe determination of the eritieal dimension of the bosonie string.
Introduction
A significant feature of quantum theories on infinite dimensional phase spaces is the occurence of anomalies. Anomalous commutators between quantum operators, which appear in the algebra of first class constraints, are of special interest as they impose heavy .. restrietions on the formulation of a eonsistent quantum theory.
For finite dimensional systems the geometrie quantization scheme (GuSt,Sni,Woo] is a well established tool, connecting the strueture of the quantum theory with the geometry of the c1assieal phase spaee. It has also been applied to infinite dimensional systems in order to investigate anomalies (BoRa,SaSw] , their eonneetion to the vaeuum strueture of the quantum field theory (PIWa] and their polarization dependenee (Nie] .
The present paper is devoted to the ealeulation of anomalous eommutators of polynomial observables on Kähler manifolds. All ealeulations are organized such that they hold for bosonic as well as for fermionie systems with finite or infinite (countable) dimenensions.
The eentral result, worked out in s~etion 3 gives a c10sedexpression for the anomalous commutator on a linear manifold. For bilinear observables this expression reduces to the trace of a matrix commutator and hence vanishes for finite dimensional systems. Applied to the constraint algebra of a field theory,as done in section 4, it allows to caleulate the Schwinger terms. The latter are shown to be cohomologically trivial if the (bilinear) constraints preserve the holomorphie structure.
The physical relevance of our results is demonstrated by application to the Kac-Moody and the Virasoro algebras in seetions 5 and 6, respectively. In seetion 7 we reconsider the ... BRS-scheme in the context of geometrie quantization and ealeulate the square of the BRS-operator with our furmulas. Application to the bosonie string allows to determine its critical dimension. A graphical representation of our ealculus reminding~he technique of ,.
Feynman-graphs is presented in an appendix.
Geometrie quantization
Geometrie quantization on Kähler manifolds is a well established feature in the literature [Sni,Woo] . Here we review only the main results, relevant for our study of anomalies.
Let the phase space of a physical system be a symplectic manifold (M,w) , then prequantization means a representation of the Poisson algebra of classical observables -the-'sm~th funetions on M -by operators on the Hilbert space of all smooth, square-integrable seetions in a Hermitian line bundle Lover M. Such a prequantization is realized by a map
where XF is the Hamiltonian vector field of F and V a conneetion on L with curvature curv(V) = w/Ii. Let M carry a complex strueture J and the sympleetic form be determined (locally) by a Kähler potential as w -dd+JC (z, z+) , where d and d+ denote the holomorphic and anti-holomorphic exterior derivative, respectively. Then we may choose (2.2).
To obtain an irreducible representation, however, one has to restriet the Hilbert space to the space 1{J of holomorphic sections of L. More explicitly, denoting by pJ C r(T M) the antiholomorphic polarization, spanned by the Hamiltonian veetor fields of the coordinatefunetions Zle, then each quantum state IS> is locally described by a funetion S(z, z+) on M, obeying VyS = 0 V Y E pJ. Furthermore the correct measure on 1{J requirest~e'.;", introduction of (normalized) half forms 1.10, i.e. the use of the metapledie representation . [Woo,GuSt] 
le,lEK
This local expression for the quantum operator is independent of the choiceof coordinates.
As shown in [SaSw,Sch] 
Quantum commutators
In the following we specialize our considerations to the case of a sympleetie vector space with a Kähler strueture describing a linear field theory, where I\:lel is constant, cf. 
1c,IEK
•.. , .
•.. 1c = .11, i y 1c
Then we obtain for any monomial of the form FM(Y,Y+) = TI (Yt)Qi(YiY'i : b) The anomalous eommutator is given by an expansion in ti as
Here =f(FG) means to subtraet or add the same expressions with F,G interchanged for bosonie or fermionie observables, respeetively. For infinite dimensions it is erucial not to inter change the order of the summations in the q'ti) term.
The first part (3.3) of the theorem indieates a possible eonnection between the eommutator in geometrie quantization and the index of the Laplace operator (2.7) -at least in the bosonie ease, cf. [Gil] . It also shows up some interesting relations towards a modifieation of the geometrie quantization scheme, proposed by [Tuy2] . The seeond part is of a more pradieal interest :
Obviously the construetion (3.4) does not yield a representation of the full Poisson algebra, what is in aeeordanee with the Groenewold-van Hove theorem [Gro,Jos] . Bilinear observã bles on finite dimensional spaees, however, should be represented eorreetly on quantum level. In that ease the only eontribution to (3.4) are the terms of order ti, but those sum up as the traee of a eommutator of finite matriees and hence eancel. Here it is erucial to use the metaplectie eonstruction, determining the eoefficient of the trJ-term in (2.4) to be . A drawback of (4.2) lies in the potential divergence of theCtrace that requires a regularization. This complication may be preventedby a slightly different approach, starting with a (cohomologically trivial) central extension of the constraintalgebra C on the classicallevel : Dropping the equivanance condition on the momentum map we can add to each
Fa. E C a constant depending linearlyon 0). orten this constants can be chosen in .such a way that no divergent terms appear in the anomalous commutator (3.4) of the modified constraints. All these computations yield the same Schwinger terms, considered as element in the Lie algebra cohomology, Le. they differ only by a funetional of the commutator in 0)
[Jac]. However, only the equivariant momentum map (4.1) gives a representation of OJ for finite dimensional systems.
An example of special interest is the non-equivariant -moment um map, obtained from (4.1) by adding a term tr(F a kZ) to each constraint Fa, leading to
what often turns out to be a finite sumo Furthermore (4.3) allows an interpretation of the anomalous eommutator in terms of a violationof the holomorphie structure by the . as red off from (5.4). Thus we obtain (with e n the step function) :
This eoincides with the usual result for the Kae-Moody anomaly, derived e.g. with normal.
ordering methods [GodOli] .
6. Example : The Virasoro-Algebra 
Fourier expansion of the fields Y~(O") and the eonstraints (6.2) yields
(6.3).
.-"'l;C"
::~~~~~":.~;:-; and we can work out the anomaly of the constraint algebra £rom the formulas of section 2:
with kt I > O. C1ear1y the anomalous commutator vamshes for N.M~0t thus we demand without 10ss of generality N > 0 and M < O. From (4.2) we obtain (6.7).
(6.9).
The BRS-Operator and Geometrie Quantization
In the latter construction the anomaly appears without divergences, but the constraint (7.3b ). Choosing a suitable base on OJ~, the corresponding set of (complex) ghost coordinates {ci, 1rd splits completely into a holomorphic and an antiholomorphic part. Then, as worked out in the appendix, graphical methods allow to prove:
i) The terms of order fi 2 in (7.3) vamsh.
ii) (7.3a) reduces to Ar9i'9j] is given by (3.4) and the symbol (E E)' means that the summa~~~nis restricted 1e I .... .
to those k and 1, for which c 1e and c' are both holomorphic or both antiholomorphic (We note that the order of the summations is still important). Of course, using (7.1) and (7.3a)
an algebraic proof of (7.4) is also possible.
Specializing now to the case of the Virasoro algebra as the constraint algebra of the bosonic string, (7.1) and (7.2) yield the symplectic form 
ZN = 7rN
ZN+=7r-N for NEIN (7.7).
In addition we may ehoose Zo = cO a.nd (zO)+ = 7r0 t Now (7.4) yields 
(7.8a), (7.8b ) .
A [LM,LN] and ÄrLM,LN] are given by (6.7) and (6.9), respeetively.Caleulating the infi-,:
nite sum in (7.8b) with the same treatment of divergenees as used for (6.8), we see both" -expressions (7.8) to be equivalent to 
